The Mishchenko-Fomenko theorem on noncommutative integrability of Hamiltonian systems on a symplectic manifold is extended to the case of noncompact invariant submanifolds.
In applications to Hamiltonian mechanics, one can think of functions H i in Theorem 1 as being integrals of motion and on their level surfaces as being invariant submanifolds. In time-dependent Hamiltonian mechanics, one of this functions can be treated as a Hamiltonian on a homogeneous momentum phase space Z [21, 24, 33] .
If k = n and fibers of the fibration H are compact, Theorem 1 restarts the abovementioned Liouville-Arnold theorem on an abelian completely integrable Hamiltonian system possessing n integrals of motion {H 1 , . . . , H n } in involution. The condition (ii) of Theorem 1 implies that the functions {H λ } are independent everywhere on Z, i.e., the n-form n ∧ dH λ nowhere vanishes. The Hamiltonian vector fields ϑ λ of these functions are mutually commutative and independent everywhere on Z, i.e., the multivector field k ∧ ϑ λ nowhere vanishes. These vector fields span a regular involutive n-dimensional distribution V on Z whose maximal integral manifolds are exactly the fibers M x , x ∈ N, of the fibered manifold (1). Since vector fields ϑ λ do not leave M x , the condition (i) of Theorem 1 follows from the fact that any vector field on a compact manifold is complete. Thus, every fiber of H (1) admits n independent complete vector fields, i.e., it is a locally affine compact manifold and, consequently, diffeomorphic to a torus T n .
In a general setting, one supposes that integrals of motion {H λ } in the Liouville-Arnold theorem are independent almost everywhere on a symplectic manifold Z, i.e., the set of points where the exterior form n ∧ dH λ (or, equivalently, the multivector field n ∧ ϑ λ ) vanishes is nowhere dense. In this case, connected components of level surfaces of functions {H λ } provide a singular Stefan foliation F of Z whose leaves are both the maximal integral manifolds of the singular involutive distribution spanned by the vector fields ϑ λ and the orbits of the pseudogroup G of local diffeomorphisms of Z generated by flows of these vector fields [36, 37] . Let M be a leaf of this foliation through a regular point z ∈ Z where n ∧ ϑ λ = 0. It is regular everywhere because the group G preserves n ∧ ϑ λ . If M is compact, there exists its satured open neighbourhood U M (i.e., a leave of F through a point of U M belongs to U M ) such that H on U M is a submersion and, consequently, the foliation F of U M is a fibered manifold. The Liouville-Arnold theorem is formulated for this satured open neighbourhood U M of a compact regular invariant manifold M. Since fibers of the fibered manifold U M are compact, U M is a bundle [29] , and it contains a satured open neighbourhood of M, say again U M , which is a trivial principal bundle with the structure group T n . It is provided with the action-angle coordinates (J λ , α λ ) bringing the symplectic
form Ω into the canonical form (4). Introducing these coordinates, one use the fact that linear functions on a torus T n fail to be defined.
The Poincaré-Lyapounov-Nekhoroshev theorem generalizes the Liouville-Arnold one to partially integrable systems characterized by a lesser number k < n of integrals of motion H λ in involution. This theorem imposes a sufficient condition which Hamiltonian vector fields ϑ λ must satisfy in order that their compact maximal integral manifold M admits an open neighbourhood fibered in tori [18, 19] . Such a condition has been also investigated in the case of noncommutative vector fields depending on parameters [20] .
The action-angle coordinates around a compact integral manifold are often called semilocal. There is a topological obstruction to the existence of global action-angle coordinates which is an obstruction to a fibration of a symplectic manifolds in compact Lagrangian submanifolds to be a trivial principal bundle [11] . The analysis of global compact Lagrangian fibrations has been extended to the compact isotropic fibrations, that is just the case of noncommutative integrability [10] . Theorem 1 like the Mishchenko-Fomenko one is concerned with semilocal action-angle coordinates.
Note that the original Mishchenko-Fomenko theorem is also restricted to the special case of integrals of motion H i constituting a Lie algebra G, that is, the relations (2) take the form
for some constant. In this case, Hamiltonian vector fields ϑ i of H i define a transitive Hamiltonian action on Z of a some connected Lie group G whose Lie algebra is isomorphic to G, i.e., Z is a homogeneous G-symplectic manifold [24] . Moreover, one can treat H (1) as an equivariant momentum mapping of Z to the Lie coalgebra G * . The Mishchenko-Fomenko theorem has been mainly applied to the case of compact groups G. Theorem 1 essentialy extends a class of integrable Hamiltonian systems under consideration. As is well known, any integrable Hamiltonian system is Hamiltonian relative to different symplectic structures. The variety of these symplectic structures has been analyzed from different viewpoints (e.g., a property of eigenvalues of a recursion operator to be in involution) [3, 4, 8, 12, 13, 28, 34] . One of the reasons is that bi-Hamiltonian systems have a large supply of integrals of motion. In a more general setting, one studies a property of a given dynamical system to be Hamiltonian relative to different Poisson structures [5, 22, 35] . In particular, this property enables one to extend the KAM theorem to partially integrable systems [22] . The following particular result ( [22] , Theorem 6) will be referred to in the sequel.
Theorem 2.
Given a 2n-dimensional symplectic manifold (Z, Ω), let {H 1 , . . . , H m }, m ≤ n, be smooth real functions on Z in involution which satisfy the following conditions. If m = n, Theorem 2 provides the above mentioned generalization of the LiouvilleArnold theorem to the case of noncompact invariant manifolds [16] .
Theorem 2 is the final step of the proof of Theorem 1. The condition (iv) of Theorem 1 implies that an m-dimensional invariant manifold of a noncommutative integrable Hamiltonian system is a maximal integral manifold of some abelian partially integrable Hamiltonian system obeying the conditions of Theorem 2. The proof is based on the following two assertions [14, 27] . Since any function constant on fibers of H is a pull-back of some function on N, the condition of Lemma 3 is satisfied due to item (iii) of Theorem 1. Thus, the base N of the fibration (1) is endowed with a coinduced Poisson structure. Let us note that, under the assumptions of the Mishchenko-Fomenko theorem, a Hamiltonian system is also integrable in the usual commutative sense. Namely, it admits n independent integrals of motion in involution [6] . Under the conditions of Theorem 1, such integrals of motion in involution exist too. All of them are the pull-back of functions on N. However, one must justify that they obey the condition (iii) of Theorem 2 in order to characterize an abelian completely integrable system.
